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INVARIANT TRIPLE FUNCTIONALS
OVER Uqsl2
Bui Van Binh and Vadim Schechtman
Introduction
Before describing the contents of this note let us discuss some motivation and
questions behind it.
The fact that an irreducible finite dimensional representation V (λ1) of highest
weight λ1 of the Lie algebra g = sl2(C) occurs with multiplicity at most 1 in a
tensor product V (λ2) ⊗ V (λ3) is easy and classical. Since these representations
are isomorphic to their duals, the same thing may be expressed by saying that
the dimension of the space of g-invariant functionals
dimHomg(V (λ1)⊗ V (λ2)⊗ V (λ3),C) ≤ 1 (0.1)
The multiplicity one statements like (0.1) hold true as well if V (λi) are irreducible
infinite dimensional representations of real, complex and p-adic Lie groups or Lie
algebras close to GL2 (their proof being usually more difficult).
As an example, such a statement for the groupG = PGL2(R) and the represen-
tations of the principal series is applied in [BR]. In that case a representation V (λ)
may be realized (before the Hilbert completion) in the space of smooth functions
on the unit circle f : S1 −→ C, and the tensor product V (λ1)⊗ V (λ2)⊗ V (λ3)
— in the space of functions of three variables f : (S1)3 −→ C. An explicit linear
functional
ℓλ1,λ2,λ3 : V (λ1)⊗ V (λ2)⊗ V (λ3) −→ C
may be defined in the form of an integral
ℓλ1,λ2,λ3(f) =
∫
(S1)3
f(θ1, θ2, θ3)Kλ1,λ2,λ3(θ1, θ2, θ3)dθ1dθ2dθ3 (0.2)
against some naturally defined G-invariant kernel Kλ1,λ2,λ3 , cf. [BR], 5.1.1, [Ok]
(0.10), (0.12). On the other hand our triple product contains a distinguished
spherical (i.e. PO(2)3-invariant) vector vλ1,λ2,λ3, the constant function 1.
The value
ℓλ1,λ2,λ3(vλ1,λ2,λ3) =
∫
(S1)3
Kλ1,λ2,λ3(θ1, θ2, θ3)dθ1dθ2dθ3 (0.3)
1
2is equal to certain quotient of products of Gamma values. Its asymptotics with
respect to λi (which follows from the Stirling formula) is one of the ingredients
used in [BR] for an estimation of Fourier coefficients of automorphic triple prod-
ucts.
In the paper [BS] we have calculated the integrals similar to (0.3) corresponding
to complex and p-adic groups PGL2(C), PGL2(Qp), and also an analogous q-
deformed integral which has the form∫
(S1)3
Kλ1,λ2,λ3;q(θ1, θ2, θ3)dθ1dθ2dθ3 (0.4)
where Kλ1,λ2,λ3;q is a certain q-deformation of the kernel Kλ1,λ2,λ3 . These integrals
are expressed in terms of the complex, p-adic and q-deformed versions of Γ-
functions respectively. One could expect that it is possible to find representations
Vq(λ) of the q-deformed algebra Uqgl2 in the space of functions on S
1, so that
the q-deformed kernel Kλ1,λ2,λ3;q will be a Uqgl2-invariant element of the triple
product Vq(λ1)⊗ Vq(λ2)⊗ Vq(λ3).
We do not pursue this direction here, but we prove some multiplicity one
statement like (0.1) over the quantum group. Our starting point was a theorem
of Hung Yean Loke [L] who proves in particular that (0.1) holds true if g =
gl2(R) and V (λi) are irreducible representations of the (infinitesimal) principal
series defined by Jacquet-Langlands, cf. [JL], Ch. I, §5. The space of such a
representation is much smaller than the spaces of smooth functions above, it is
rather a ”discrete analog” of it, and the structures that appear are quite similar.
A base {eq, q ∈ Q} of V (λ) is enumerated by a set Q which may be identified
with coroot lattice of g (or with Z). Thus elements of V (λ) are finite linear
combinations ∑
a(q)eq
which we can consider as functions a : Q −→ C which are compactly supported,
i.e. all but finitely many a(q) are zeros. The Lie algebra g acts on these func-
tions by difference operators (depending on λ ∈ C1) of order ≤ 1 (to avoid the
confusion, V (λ) is not a highest weight module). Thus, elements of a triple prod-
uct V (λ1) ⊗ V (λ2) ⊗ V (λ3) are compactly supported functions a : Q
3 −→ C.
Similarly, a trilinear functional
ℓ : V (λ1)⊗ V (λ2)⊗ V (λ3) −→ C
is uniquely determined by its action on the basis elements. If we denote
k(q1, q2, q3) = ℓ(eq1 ⊗ eq2 ⊗ eq3),
1there is also a discrete parameter ǫ around which is not important in our discussion, so we
forget about it in this Introduction
3we get a function K : Q3 −→ C (an arbitrary, not necessarily compactly sup-
ported one). The value of ℓ is given by
ℓ(a) =
∑
(q1,q2,q3)∈Q3
a(q1, q2, q3)k(q1, q2, q3);
this formula is similar to (0.2).
The functional is g-invariant iff the corresponding K satisfies a simple system
of difference equations. The result of [L] says that the space of such functions K
is one-dimensional. It would be interesting to find a nice explicit formula for a
solution.
In §2 of the present note we define principal series representations over the
quantum group Uqsl2 which are q-deformations of the Jacquet - Langlands mod-
ules. Then we define natural intertwining (”reflection”) operators between them
(cf. 2.2.2) and finally prove for them an analog of (0.1), cf. Thm. 2.3 for the
precise formulation; this is our main result. The proof is a q-deformation of the
argument from [L].
In §1 we recall the definitions from [JL] and the original argument of [L] and
present some comments on it, cf. 1.4, in the spirit of I.M.Gelfand’s philosophy
considering the Clebsch-Gordan coefficients as discrete orthogonal polynomials,
cf. [NSU].
We thank F.Malikov who has drawn our attention to a very interesting paper
[FM].
§1. Invariant triple functionals over sl2
1.1. Principal series. First we recall the classical definition of the principal
series following Jacquet - Langlands. Another definition of these modules may
be found in [FM].
Let g = sl2 and E, F,H be the standard base of g.
Let s ∈ C, ǫ ∈ {0, 1}. Following [JL], §5 and [L] 2.2 consider the following
representation M(s, ǫ) of g (for a motivation of the definition see 1.6 below.)
The underlying vector space of M(s, ǫ) has a C-base {vn}n∈ǫ+2Z. We denote
Mn = C · vn, so M(s, ǫ) = ⊕n∈ZMn where we set Mn = 0 if n /∈ ǫ+ 2Z.
The action of g is given by
Hvn = nvn, (1.1.1)
Evn =
1
2
(s+ n+ 1)vn+2, F vn =
1
2
(s− n+ 1)vn−2 (1.1.2)
4Thus,
[H,E] = 2E, [H,F ] = −2F, [E, F ] = H
1.1.1. Lemma. If s− ǫ /∈ 2Z+ 1 then M(s, ǫ) is an irreducible g-module.
Proof. Let W ⊂ M := M(s, ǫ) be a g-submodule, W 6= 0. Since W is H-
invariant, W = ⊕nW ∩Mn. Thus there exists x ∈ W ∩Mn, x 6= 0. Due to the
hypothesis Fmx 6= 0 and Emx 6= 0 for all m ∈ Z, whence W =M . 
1.1.2. The reflection operator. Cf. [JL], between 5.11 and 5.12. Consider
two modules M(±s, ǫ). A linear map
f : M(s, ǫ) −→ M(−s, ǫ)
is g-equivariant iff it respects the gradings (since it commutes with H), say
f(vn) = fnv
′
n, and the numbers fn satisfy two relations
(s+ n + 1)fn+2 = (−s + n+ 1)fn, (1.1.3a)
(commutation with E) and
(s− n+ 1)fn−2 = (−s− n+ 1)fn (1.1.3b)
(commutation with F ). In fact these equations are equivalent: for example
(1.1.3b) is the same as (1.1.3a) with n replaced by n− 2, multiplied by −1.
These relations are satisfied if
fn =
Γ((−s+ n+ 1)/2)
Γ((s+ n + 1)/2)
,
We shall denote the corresponding intertwining operator by
R(s) : M(s, ǫ)
∼
−→ M(−s, ǫ)
In fact, these are the only possible intertwiners between different modules of
principal series.
One has
R(−s)R(s) = IdM(s) .
1.2. Theorem, cf. [L], Thm 1.2 (1). Consider three g-modules M i =
M(si, ǫi), i = 1, 2, 3. Suppose that si − ǫi /∈ 1 + 2Z. There exists a unique,
up to a multiplicative constant, function
f : M :=M1 ⊗M2 ⊗M3 −→ C
such that
f(Xm) = 0, X ∈ g, m ∈M (1.2.1)
and
f(ωm) = f(m) (1.2.2)
5where ω : M
∼
−→M is an automorphism defined by
ω(vn ⊗ vm ⊗ vk) = v−n ⊗ v−m ⊗ v−k.
1.3. Proof (sketch). The condition (1.2.1) for X = H implies that f(vn ⊗
vm ⊗ vk) = 0 unless n +m+ k = 0.
Let us denote
a(n,m) = f(vn ⊗ vm ⊗ v−n−m)
The conditions (1.2.1) and (1.2.2) are equivalent to a system of 3 equations on
the function a(n,m):
a(n,m) = a(−n,−m), (1.3.0)
(s1+n+1)a(n+2, m)+(s2+m+1)a(n,m+2)+(s3−n−m−1)a(n,m) = 0 (1.3.1)
and
(s1−n+1)a(n−2, m)+(s2−m+1)a(n,m−2)+(s3+n+m−1)a(n,m) = 0 (1.3.2)
One has to show that these equations admit a unique, up to scalar, solution.
By considering the ”bonbon” configuration
B = {(n,m), (n−2, m), (n,m+2), (n−2, m+2), (n+2, m), (n,m−2), (n+2), (n+2)}
one shows2 that (1.3.1-2) imply an equation
(s1 − n + 1)(s2 +m+ 1)a(n− 2, m+ 2)− (s
2
3 − s
2
1 − s
2
2 − 2nm+ 1)a(n,m)+
(s1 + n+ 1)(s2 −m+ 1)a(n+ 2, m− 2) = 0 (1.3.3)
After that it is almost evident that a solution of (1.3.1-2) is uniquely defined by
its two values on a diagonal, like a(n,m), a(n − 2, m+ 2). The parity condition
(1.3.0) implies that the space of solutions has dimension ≤ 1.
The non-trivial part is a proof of the existence of a solution. It is a direct
computation. Cf. the argument for the q-deformed case in §2 below. 
1.4. Difference equations on the root lattice of type A2. Let X denote
the lattice {(n1, n2) ∈ Z
2| ni − ǫi ∈ 2Z}. (Note that initially it comes in the
above proof as a lattice
{(n1, n2, n3) ∈ Z
3| ni − ǫi ∈ 2Z,
∑
ni = 0}
and resembles the root lattice of the root system of type A2.)
2there is a misprint in [L]: in formula (5) on p. 124 one should interchange c with d, and in
formula (6) — d with e.
6Consider the space of maps of sets Y = {a : X −→ C}; Y is a complex vector
space. Define two linear operators L± ∈ EndY by
L+a(n,m) =
(p+ n)a(n + 2, m) + (s+ n)a(n,m+ 2) + (r − n−m)a(n,m), (1.4.1a)
L−a(n,m) =
(p− n)a(n− 2, m) + (s− n)a(n,m− 2) + (r + n+m)a(n,m), (1.4.1b)
where p = s1 + 1, s = s2 + 1, r = s3 − 1.
One can rewrite the equations (1.3.1-2) in the form
L+a = 0, L−a = 0 (1.4.2)
1.4.1. Lemma. [L+, L−] = 2(L+ − L−). 
It follows that L+ and L− span a 2-dimensional Lie algebra isomorphic to a
Borel subalgebra of sl2.
Following [NSU], Ch. II, §1, introduce the forward and backward difference
(”discrete derivatives”) operators acting on functions f(n) of an integer argu-
ment:
∆f(n) = f(n + 2)− f(n), ∇f(n) = f(n)− f(n− 2)
These operators give rise to ”discrete partial derivatives” acting on the space of
functions of two variables a(n,m) as above. We denote by subscripts n or m the
operators acting on the first (resp. second) argument, for example
∇na(n,m) = a(n,m)− a(n− 2, m),
etc. Then the equations (1.4.2) rewrite as follows:
((n+ p)∆n + (m+ s)∆m)a = −(p+ s + r)a (1.4.3a)
((n− p)∇n + (m− s)∇m)a = −(p + s+ r)a (1.4.3b)
These equations are similar to [NSU], Ch. IV, §2, (30).
Let us fix k and consider the functions b(n) := a(n, k−n). The equation (1.3.3)
is a second order equation satisfied by these functions may be written as{
(n+ p)(n + s− k)∇∆+ 2(pn+ sn− pk)∇− r(r − 2)
}
b = 0 (1.4.4)
It is a ”difference equation of hypergeometric type” in the terminology of [NSU],
Ch. II, §1. Their solutions can be called ”Hahn functions”.
1.5. Analogous differential equations. It is instructive to consider the
continuous analogs of the previous operators.
Let us consider the following operators on the space Y of differentiable functions
a(x, y) : R2 −→ C which is a continuous analog of the space Y :
L+ = (p+ x)∂x + (s+ y)∂y + p + s+ r
7L− = (−p+ x)∂x + (−s + y)∂y + p+ s+ r
1.5.1. Lemma. [L+,L−] = L+ − L−. 
The analog of (1.4.4) is a hypergeometric equation
(x+ p)(x+ q − k)b′′(x) + 2((p+ s)x− pk)b′(x)− r(r − 2)b(x) = 0 (1.5.1)
where b(x) = a(x, k − x).
1.6. Motivation: Jacquet - Langlands principal series over GL2(R).
Cf. [GL], Ch. I, §5. Recall that a quasicharacter of the group R∗ is a continuous
homomorphism µ : R∗ −→ C∗. All such homomorphisms have the form
µ(x) = µs,m(x) = |x|
s(x/|x|)m
where s ∈ C, m ∈ {0, 1}. Let µi = µsi,mi , i = 1, 2, be two such quasicharacters.
Let B′(µ1, µ2) denote the space of C
∞-functions f : G := GL2(R) −→ C such
that
f
((
a c
0 b
)
g
)
= µ1(a)µ2(b)(|a/b|)
1/2f(g)
for all g ∈ G, a, b ∈ R∗, c ∈ R. G acts on B′(µ1, µ2) in the obvious way.
Set s = s1 − s2 and m = |m1 − m2|. For any n ∈ Z such that n − m ∈ 2Z
define a function φn ∈ B
′(µ1, µ2) by
φn
((
a c
0 b
)
k(θ)
)
= µ1(a)µ2(b)(|a/b|)
1/2einθ
where
k(θ) =
(
cos θ sin θ
− sin θ cos θ
)
∈ K := O(2) ∈ G
Let B(µ1, µ2) ⊂ B
′(µ1, µ2) be the (dense) subspace generated by all φn.
Let us describe explicitely the induced action of G = Lie(G)R⊗C on B(µ1, µ2).
Following [L], consider a matrix A =
(
1 i
1 −i
)
so that A−1 = 1
2
(
1 1
−i i
)
(cf.
[Ba], (3.5)).
Let
X =
(
0 1
0 0
)
, Y =
(
0 0
1 0
)
, H =
(
1 0
0 −1
)
Then
A−1XA =
1
2
(
1 −i
−i −1
)
=: Y ′,
A−1Y A =
1
2
(
1 i
i −1
)
=: X ′,
8A−1(−iH)A =
1
2
(
0 1
−1 0
)
= k(π/2),
or more generally (
e−iθ 0
0 eiθ
)
= Ak(θ)A−1
Thus if K ′ = AKA−1 then Lie(K ′)C = C ·H .
The action of G on B′(µ1, µ2) induces an action of G on B(µ1, µ2) which looks
as follows:
2X ′φn = (s+ n + 1)φn+2, 2Y
′φn = (s− n+ 1)φn−2, (1.6.1)
cf. [JL], Lemma 5.6.
The space B(µ1, µ2) is a (G, K)-module, which means that it is a G-module
and a K-module and the action of k := LieK induced from G coincides with the
one induced from K.
§2. A q-deformation.
2.1. Category Cq and tensor product. Cf. [Lu]. Let q be a complex
number different from 0 and not a root of unity. We fix a value of log q and for
any s ∈ C define qs := es log q.
Let Uq = Uqsl2 denote the C-algebra generated by E, F,K,K
−1 subject to
relations
K ·K−1 = 1
KE = q2EK, KF = q−2FK,
[E, F ] =
K −K−1
q − q−1
,
cf. [Lu], 3.1.1.
Introduce a comultiplication ∆ : Uq −→ Uq ⊗ Uq as a unique algebra homo-
morphism such that
∆(K) = K ⊗K
∆(E) = E ⊗ 1 +K ⊗E,
∆(F ) = F ⊗K−1 + 1⊗ F,
cf. [Lu], Lemma 3.1.4.
Let Cq denote the category of Z-graded Uq-modules M = ⊕i∈ZMi such that
Kx = qix, x ∈Mi.
The comutliplication ∆ above makes Cq a tensor category.
9In particular if Mi, i = 1, 2, 3, are objects of Cq then their tensor product
M =M1⊗M2⊗M3 is defined; as a vector space it is the tensor product of vector
spaces underlying Mi. The action of Uq is given by
K(x⊗ y ⊗ z) = Kx⊗Ky ⊗Kz
E(x⊗ y ⊗ z) = Ex⊗ y ⊗ z +Kx⊗ Ey ⊗ z +Kx⊗Ky ⊗Ez
F (x⊗ y ⊗ z) = Fx⊗K−1y ⊗K−1z + x⊗ Fy ⊗K−1z + x⊗ y ⊗ Fz
2.2. Infinitesimal principal series. Set
[n]q =
qn − q−n
q − q−1
,
q ∈ R>0, s ∈ C. Thus
lim
q→1
[n]q = n.
Let s ∈ C, ǫ ∈ {0, 1}. Define an objectMq(s, ǫ) ∈ Cq as follows. As a Z-graded
vector space Mq(s, ǫ) = ⊕Mi where Mi = C · vi if i ∈ ǫ+ 2Z and 0 otherwise.
An action of the operators E, F are given by
Evn = [(s+ n+ 1)/2]qvn+2, F vn = [(s− n+ 1)/2]qvn−2.
One checks that
[Eq, Fq] =
qH − q−H
q − q−1
=
K −K−1
q − q−1
where
Kvn = q
nvn,
so Mq(s, ǫ) is an Uq-module.
2.2.1. Lemma. If s− ǫ /∈ 2Z+ 1 then Mq(s, ǫ) is an irreducible Uq-module.
The proof is the same as in the non-deformed case (see Lemma 1.1.1).
2.2.2. The reflection operator. As in 1.1.2, let us construct an intertwining
operator
Rq(s) : Mq(s, ǫ)
∼
−→ Mq(−s, ǫ).
Suppose that
Rq(s)vn = rnvn
for some rn ∈ C. As in loc. cit., Rq(s) is Uq-equivariant iff the numbers rn satisfy
the equation
rn+2 =
[(−s + n+ 1)/2]q
[(s+ n + 1)/2]q
rn. (2.2.2.1)
Suppose we have found a function φ(x), x ∈ C, satisfying a functional equation
φ(x+ 1) = [x]qφ(x). (2.2.2.2)
10
Then
rn =
φ((−s+ n+ 1)/2)
φ((s+ n + 1)/2)
satisfies (2.2.2.1).
Suppose that |q| < 1. In that case consider the q-Gamma function defined by
a convergent infinite product
Γq(x) = (1− q)
1−x (q; q)∞
(qx; q)∞
where
(a; q)∞ =
∞∏
n=0
(1− aqn),
cf. [GR]. It satisfies the functional equation
Γq(x+ 1) =
qx − 1
q − 1
Γq(x).
It follows that a function
φ(x) = qa(x)Γq2(x)
satisfies (2.2.2.2) if a(x) satisfies
a(x+ 1)− a(x) = 1− x,
for example
a(x) = −
x2
2
+
3x
2
Thus, if we set
φ(x) = q−(x
2−3x)/2Γq2(x),
the operator Rq(s) defined by
Rq(s)vn =
φ((−s + n+ 1)/2)
φ((s+ n+ 1)/2)
vn
is an isomorphism Rq(s) : Mq(s, ǫ)
∼
−→Mq(−s, ǫ) in Cq.
It possesses the unitarity property
Rq(−s)Rq(s) = IdM(s) .
If |q| = 1 then a solution to the functional equation (2.2.2.2) may be given in
terms of the Shintani-Kurokawa double sine function (aka Ruijsenaars hyperbolic
Gamma function), cf. [NU], Prop. 3.3, [R], Appendix A. This function is a sort
of a ”modular double” of Γq.
2.3. Theorem Let M i = Mq(si, ǫi) ∈ Cq be 3 objects as above such that
si − ǫi /∈ 2Z+ 1, i = 1, 2, 3.
11
There exists a unique, up to a scalar multiple, function
f : M :=M1 ⊗M2 ⊗M3 −→ C (2.3.1)
such that
f(Xm) = 0, X ∈ E, F, m ∈M, (2.3.2)
f(Km) = f(m),
f(ωm) = f(m) (2.3.3)
where ω : M
∼
−→M is an automorphism defined by
ω(vn ⊗ vm ⊗ vk) = v−n ⊗ v−m ⊗ v−k.
2.4. Proof (beginning). The argument below is a straightforward general-
ization of the argument from [L], §2. The condition f(Km) = f(m) implies that
f(vn ⊗ vm ⊗ vk) = 0 unless n+m+ k = 0. Let us denote
aq(n,m) := f(vn ⊗ vm ⊗ v−n−m−2).
The condition f(ωm) = f(m) gives
aq(n,m) = aq(−n,−m) (2.4.0)
Since
f(E(vn ⊗ vm ⊗ v−n−m−2)) = 0,
we get
[(s1 + n+ 1)/2]qaq(n+ 2, m) + q
n[(s2 +m+ 1)/2]qaq(n,m+ 2)+
+qn+m[(s3 − n−m− 1)/2]qaq(n,m) = 0 (2.4.1)
or
[(s3 − n−m− 1)/2]qaq(n,m) =
−q−n−m[(s1+n+1)/2]qaq(n+2, m)− q
−m[(s2+m+1)/2]qaq(n,m+2) (2.4.1)
′
Similarly,
f(F (vn ⊗ vm ⊗ v−n−m+2)) = 0
implies
qn−2[(s1 − n + 1)/2]qaq(n− 2, m)+
qn+m−2[(s2−m+1)/2]qaq(n,m− 2)+ [(s3+n+m− 1)/2]qaq(n,m) = 0 (2.4.2)
or
[(s3 + n +m− 1)/2]qaq(n,m) =
−qn−2[(s1−n+1)/2]qaq(n−2, m)−q
n+m−2[(s2−m+1)/2]qaq(n,m−2) (2.4.2)
′
It follows from (2.4.1)′:
[(s3 − n−m+ 1)/2]qaq(n− 2, m) =
−q−n−m+2[(s1+n−1)/2]qaq(n,m)−q
−m[(s2+m+1)/2]qaq(n−2, m+2)(5) (2.4.3)
12
and
[(s3 − n−m+ 1)/2]qaq(n,m− 2) =
−q−n−m+2[(s1+n+1)/2]qaq(n+2, m−2)−q
−m+2[(s2+m−1)/2]qaq(n,m) (2.4.4)
(One could write (2.4.3) = (2.4.1)′n−2,m and (2.4.4) = (2.4.1)
′
n,m−2
Sustitute (2.4.3) and (2.4.4) into (2.4.2)′:(
[(s3−n−m+1)]q[(s3+n+m− 1)/2]q− q
−m[(s1+n− 1)/2]q[(s1−n+1)/2]q−
−qn[(s2 −m+ 1)/2]q[(s2 +m− 1)/2]q
)
aq(n,m)
= qn−m−2[(s1 − n+ 1)/2]q[(s2 +m+ 1)/2]qaq(n− 2, m+ 2)+
[(s2 −m+ 1)/2]q[(s1 + n+ 1)/2]qaq(n+ 2, m− 2) (2.4.5)
This is a q-deformed (1.3.3).
Now comes the main point.
2.5. Lemma. Let N ∈ Z be such that N ≡ ǫ1+ ǫ2 ( mod 2). Suppose we are
given aq(n,m) for n+m = N and they satisfy (2.4.5). Using (2.4.2) let us define
aq(n,m) for n+m = N + 2k(k ≥ 1) inductively.
Then aq(n,m) satisfies (2.4.1) for n+m ≥ N .
Proof. We will prove the lemma by induction on n +m.
By induction we assume that (2.4.1) is satisfied for all n +m ≤ N − 2. Hence
aq(n,m) also satisfies (2.4.5) for all n+m ≤ N − 2.
Let n+m = N−2; we want to prove (2.4.1) where aq(n+2, m) and aq(n,m+2)
are defined from (2.4.2)′:
taq(n+2, m) = −q
n[(s1−n−1)/2]qaq(n,m)−q
n+m[(s2−m+1)/2]qaq(n+2, m−2)
(2.5.1)
taq(n,m+2) = −q
n−2[(s1−n+1)/2]qaq(n−2, m+2)−q
n+m[(s2−m−1)/2]qaq(n,m)
(2.5.2)
where t = [(s3 + n +m+ 1)/2]q 6= 0 by assumption.
We put (2.5.1) and (2.5.2) into the right hand side of (2.4.1)′:
−q−n−m[(s1 + n+ 1)/2]qaq(n+ 2, m)− q
−m[(s2 +m+ 1)/2]qaq[n,m+ 2] =
= −q−n−m[(s1 + n+ 1)/2]qt
−1×(
− qn[(s1 − n− 1)/2]qaq(n,m)− q
n+m[(s2 −m+ 1)/2]qaq(n+ 2, m− 2)
)
−
−q−m[(s2 +m+ 1)/2]qt
−1×(
− qn−2[(s1 − n+ 1)/2]qaq(n− 2, m+ 2)− q
n+m[(s2 −m− 1)/2]qaq(n,m)
)
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= t−1
(
q−m[(s1 + n + 1)/2]q[(s1 − n− 1)/2]qaq(n,m)+
[(s1 + n + 1)/2]q[(s2 −m+ 1)/2]qaq(n + 2, m− 2)+
qn−m−2[(s2 +m+ 1)/2]q[(s1 − n+ 1)/2]qaq(n− 2, m+ 2)+
qn[(s2 +m+ 1)/2]q[(s2 −m− 1)/2]qaq(n,m)
)
(we substitute (2.4.5) for the second and third terms)
= t−1
(
q−m[(s1+n+1)/2]q[(s1−n−1)/2]q+[(s3−n−m+1)/2]q[(s3+n+m−1)/2]q−
−q−m[(s1 + n− 1)/2]q[(s1 − n+ 1)/2]q − q
n[(s2 −m+ 1)/2]q[(s2 +m− 1)/2]q+
qn[(s2 +m+ 1)/2]q[(s2 −m− 1)/2]q
)
aq(n,m)
= t−1
(
qs3+q−s3−qm+n−1−q−m−n+1−q−m+n+1−q−m−n−1+q−m+n−1+q−m−n+1−
−qm+n+1 − q−m+n−1 + qm+n−1 + q−m+n+1
)
aq(n,m)
= t−1
(
qs3 + q−s3 − q−m−n−1 − qm+n+1
)
aq(n,m)
= t−1[(s3 + n+m+ 1)/2]q[(s3 − n−m− 1)/2]qaq(n,m)
= [(s3 − n−m− 1)/2]qaq(n,m)
But this is exactly (2.4.1)′! This proves the lemma. 
2.6. End of the proof of Thm. 2.3. By (2.4.5) and equality aq(2,−2) =
aq(−2, 2) we have (
[(s3 + 1)/2]q[(s3 − 1)/2]q−
[(s1 + 1)/2]q[(s1 − 1)/2]q − [(s2 + 1)/2]q[(s2 − 1)/2]q
)
aq(0, 0) =
= 2[(s1 + 1)/2]q[(s2 + 1)/2]qaq(2,−2) (2.6.1)
Let us construct a solution aq of equations (2.4.0) - (2.4.2) as follows.
(i) If ǫ1 = 0, we start from an arbitrary value of aq(0, 0) and define aq(2,−2)
by (2.6.1).
(ii) If ǫ1 = 1, we start from an arbitrary value of aq(1,−1) and set aq(−1, 1) =
aq(1,−1).
Using (2.4.5), repeatedly, we determine aq(n,−n) for all positive n. Using
(2.4.0), we determine aq(n,−n) for all n ≤ 0. Applying (2.4.2) inductively one
defines aq(n,m) for all n+m > 0. Finally (2.4.0) gives aq(n,m) for n+m < 0.
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From the construction, aq(n,m) satisfies (2.4.0) and (2.4.2) if n +m > 0 and
(2.4.1) if n+m < 0. Lemma 2.5 shows that (2.4.1) is satisfied when n+m ≥ 0.
This proves the existence of aq.
Since aq(n,m) is completely determined by its value at aq(0, 0) or aq(1,−1),
the dimension of the space of solutions of the system (2.4.0) - (2.4.2) is equal to
1. This completes the proof of Thm. 2.3. 
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